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Les	Métamatériaux	Mécaniques	:	Architect
urer	pour	
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«	Green	»	technologies–	structural	weight	
reducEon	
(decrease	CO2		emission	(5-15%),	noise	control....)	

• 			Intensified	dynamical	environnement	
• 			FaDgue	and	damage	:	security	
• 			Stability	problem	
• 			Adapted	design	methodologies	

New	Integrated	funcEonaliEes	
•  VibraEon	Control		
•  Noise	Control	
•  Structural	Health	Monitoring	-SHM-	
•  NDE,	PHM	
•  Waves	trapping	
•  And	more….	

Civil	Engineering	

Nuclear	

Aerospace	

Transports	

FR	&	EC	research	strategies,	Clean	Sky	,	DREAM	EU	Project	s,		AIAA’s	Emerging	
Technologies	CommiHee	(ETC)	…	

Meyer	et	al.:	Advanced	Microsystems	for	AutomoDve	ApplicaDons	2009	-	Smart	Systems	
for	Safety,	Sustainability	and	Comfort,	Springer	2009	

Context	and	Issues	
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Metacomposites:	
Synthesis	of	funcEonal	
consEtuEve	laws	inside	

hybrid	composite	
material	by	using		
distributed	sets	of	

smart	cells	
	

Synthesis	of	generalized	Impedance	operator	using	distributed	
(low	cost,	low	energy)	individual	(communicaDng)	cells	

Scale	of	interest:	
mm	->	few	cm	

Material	Architecture	for	Structural	OpEmizaEon		
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G.	Monseny,	LAAS	report,	Toulouse,	2002	

AcousEc	System	

Controlled	System	:	
Pseudo	derivaEve	operator	

Example	:Generalized	Impedance	operator	for	acousEcs	
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Controlled	Mechanical	System	:	
Pseudo	derivaEve	operator	

G.	Monseny,	LAAS	report,	Toulouse,	2002	

Mechanical	System	

Example	:	Generalized	Impedance	operator	for	beams	
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Impact	and	blast	miDgaDon	using	locally	resonant	woodpile	metamaterials	
Eunho	Kim,	Jinkyu	Yang,	HuiYun	Hwang,	Chang	Won	Shul	

Classical	Sonic	Métamatérials	

Liu	Z.	et	al.	“Locally	Resonant	Sonic	Materials”	Science,	Vol.	289,	
September	2000,	pp.	1734-1736.	

N.	Fang	et	al.,	“Ultrasonic	Metamaterials	With	NegaDve	Modulus”		
Nature	Materials,	Vol.	5,	June	2006,	pp.	452-456	

Material	Architecture	for	Structural	OpEmizaEon		
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Classical	Sonic	Métamatérials	

Strongly	nonlinear	discrete	systems	with	unprecedented	tenability:	chain	of	tensegrity	prisms	
and	lumped	masses	

F.	Fraternali,	G.	CarpenDeri,	A.	Amendola,	R.	E.	Skelton,	and	V.	F.	Nesterenko,	MulDscale	
tunability	of	solitary	wave	dynamics	in	tensegrity	metamaterials,	arXiv	1409.7097	

Material	Architecture	for	Structural	OpEmizaEon		
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M.	D.	Schaeffer;	M.	Ruzzene,	“Wave	propagaDon	in	2D	magneto-elasDc	kagome	lamces”,	

Proc.	SPIE	9064,	SMS	2014	

S.	Zhang,	C.	Xia	and	N.	Fang,	
	“Broadband	acousDc	cloak	for	ultrasound	waves”,	PRL,	106,2,2	4301,	2011	

A	sequence	of	images	demonstraDng	the	self-folding	of	a	4D	printed	mulD-
material	single	strand	into	the	world	of	MIT	 M.D	Limaet	al	Biscrolling	Nanotube	Sheets	and	FuncDonal	Guests	into	

Yarns,	Science	331,	51,	2011	

Material	Architecture	for	Structural	OpEmizaEon		
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Research	in	Programmable	MaHer	Directed	by	Carnegie	Mellon	
and	Intel	

Morpheus	Lab	Univ	Maryland	

Harvard	MicroroboDcs	Lab	

Material	Architecture	for	Structural	OpEmizaEon		
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Structure	 Physical	properEes	 Waves	support	 Gap	

Crystalline	solids	 Periodic	arrangement	of	atoms	~	5	Å		 Electrons	(Ψ)	Schrödinger	eq.	 Absence	of	electron	states	

Photonic	crystal	 Periodic	modulaDon	of	ε,	μ	(macro	scale)	 EΜ	(Ε,Β)	Maxwell	eqs.	 Absence	of	states	of	the	EΜ	field	

Phononic	crystal	 Periodic	modulaDon	of	ρ,	E,	ν	(macro	scale)	 ElasDc	(u)	ElasEcity	eqs.	 Absence	of	states	of	the	elasEc	field	

nm	 µm	 mm	 cm	 m	

THz	 GHz	 MHz	 kHz	 Hz	

Brûlé	et	al.	PRL	112,	2014	NDT,	NDE	

Benchabane	et	al,	PRE	73,	2006	

Yan	et	al,	PRB	77,	2008	

Collet	et	al.	JASA	125	2009	

Physics	of	periodic	structures	
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Graff,	1975	
Mead,	JSV,	1996	 Hussein,	 Learny,	 Ruzzene,	 ASME	 Applied	 Mechanics	

Review,	2014	

An	arbitrary	choice	of	3	top-level	references	
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Course	Outlines	
		

1.  Wave	propagaDon	–	back	to	basics	

2.  Modeling	aspects	
a)  Wave	Finite	Elements	WFE	
b)  Shiz	cell	operator	for	mulDphysic	coupled	metamaterial	
c)  Plane	Wave	Expansion	PWE	

3.  Design	funcDonal	structures	using	band	gap	properDes	
a)  Waves	diffusion	:	ReflecDon	and	absorpDon	
b)  The		boundary		:	a	limit	for	the	band	gap	efficiency	

4.  Beyond	the	Band	–Gap	
a)  Lensing	
b)  Reciprocity	breaking	and	diode		
c)  …	
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Wave	propagaEon	–	back	to	basics	

Wave	EquaEon	:	

1D	Rod	wave	:	

IniDal	Value:	Wave	velocity	:	

From	M	Ruzzene	Courses	
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If	iniDal	condiDon	:	
k	:	wavenumber	-	 	 	 		:	wavelength	
SoluDon	is	:		
	

Wave	propagaEon	–	back	to	basics	

Dispersion	relaDon:	
From	M	Ruzzene	Courses	
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Wave	propagaEon	–	back	to	basics	

Dispersion	relaDon:	 RepresentaEon	of	the	
physical	PDE	operator		

Non	dispersive	Media	:		



16	

Wave	propagaEon	–	back	to	basics	

Let’s	consider	2	waves,	of	equal	amplitude	and	at	two	frequencies	:	

Speed	of	wave	packet	velocity	:	

At	the	limit	one	obtains	the	Group	Velocity	:	

Pulse	propagaEon	

Non	dispersive	 Dispersive	

From	M	Ruzzene	Courses	
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•  Phase	velocity	

–  speed	of	the	individual	waves.:	 ​𝑐↓ϕ = ​𝜔/𝑘 	
•  Group	velocity	

–  	speed	of	the	wavepacket:	 ​𝑐↓𝑔 = ​𝜕𝜔/𝜕𝑘 	

Taken	from	hHp://resource.isvr.soton.ac.uk/spcg/
tutorial/	
tutorial/Tutorial_files/Web-further-dispersive.htm	

Non-dispersive	wave	

Dispersive	wave	

​𝑐↓ϕ = ​𝑐↓g 	

​𝑐↓ϕ ≠ ​𝑐↓g 	

(undamped	systems…)	

Wave	propagaEon	–	back	to	basics	
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Wave	propagaEon	–	back	to	basics	

Let’s	consider	a	monoatomic	lamce	:	

Dispersion	–	Bragg	ScaHering:	

From	M	Ruzzene	Courses	
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Wave	propagaEon	–	back	to	basics	

Let’s	consider	a	biatomic	lamce	:	

-2 -1.5 -1 -0.5 0 0.5 1 1.5 20

0.2

0.4

0.6

0.8

1

1.2

1.4

k:a = 7

+

B and G ap

q
2k
ma

q
2k
mb

OpDc	wave	

AcousDc	wave	

From	M	Ruzzene	Courses	
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Band	Gap	and	other	effects	–	back	to	basics	

Let’s	consider	a	biatomic	sonic	lamce	:	

mo	

ko	

-2 -1.5 -1 -0.5 0 0.5 1 1.5 20

0.2

0.4
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L ocally R esonant B and G ap



21	

∞	

∞	

∞	

∞	

Physical	space	 Reciprocal	space	

Irreducible	Brillouin	zone	

Wave	propagaEon	–	back	to	basics	
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Wave	propagaDon	characterisDcs	in	the	(infinite)	periodic	structure	

=>	Solve	the	parametric	eigenvalue	problem	

{█𝜌​𝜔↑2 𝑢+𝛻𝜎=0 @𝜎=𝐶:𝜀   	
	
with	«	Floquet-Bloch	»	periodic	condiDons	

​𝑢↓𝑅 = ​𝑒↑− ​𝑘↓𝑥 ​𝑟↓1  ​𝑢↓𝐿 				and				​𝑣↓𝑅 = ​𝑒↑− ​𝑘↓𝑦 ​
𝑟↓2  ​𝑣↓𝐿 	

	

Parameters:  ​𝑘↓𝑥 =[0;​𝜋/​𝑟↓1  ]	and	 ​𝑘↓𝑦 =[0;​𝜋/​𝑟↓2  ].	
	
Nota	Bene.	If	structural	proper?es	are	frequency-dependent,	this	formula?on		
yields	a	nonlinear	eigenvalue	problem	(with	eigenvalues	at	boundaries)…	

𝜔	

​𝑘↓𝑥 	​𝑘↓y 	

BAND	GAP	

Wave	propagaEon	–	back	to	basics	
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𝜔	

​𝑘↓𝑥 	​𝑘↓y 	

BAND	GAP	

BAND	GAP	-	omni	

BAND	GAP	-	dir	

Band	diagram:	only	for	band	gap	analyses	

BAND	GAP	-	dir	

Fr
eq

	[H
z]
	

BAND	GAP	-	dir	

BAND	GAP	-	dir	

BAND	GAP	-	dir	

Wave	propagaEon	–	back	to	basics	
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λ~ ​𝑟↓1 	

Fr
eq

	[H
z]
	

Wave	propagaEon	–	back	to	basics	
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Modeling	aspects	:	Wave	Finite	Elements	WFE	

SympleEc	Eigenvalue	problem	

Floquet	Bloch	CondiEons	

1	D	Wave	Guide	
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Modeling	aspects	:	Wave	Finite	Elements	WFE	

1D	Wave	Guide	:	Diffusion	operator	
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Modeling	aspects	:	Wave	Finite	Elements	WFE	

1D	Wave	Guide	:	Diffusion	operator	
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quasi	C	negaEve	+	resistance	

Modeling	aspects	:	Wave	Finite	Elements	WFE	

1D	Wave	Guide	:	Diffusion	operator	
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ReflecDon	 Transmission	

Modeling	aspects	:	Wave	Finite	Elements	WFE	
1D	Wave	Guide	:	Scabering	
computaEon	



30	

The	physics	

+	«	Floquet-Bloch	»	periodic	condiDons	

in	the	cell						+	symmetric	boundary	condiDons	

Floquet-Bloch	modes	

The	”shized-cell”	formulaDon	

A.	Bensoussan,	J.L.	Lions,	and	G.	Pananicolaou.	AsymptoDc	Analysis	for	Periodic	Structures.	North	Holland,	1978.	
C.	Wilcox.	Theory	of	bloch	waves.	Journal	d’Analyse	MathémaDque,	33:146–167,	1978.	ISSN	0021-7670	

Modeling	aspects	:	Shic	cell	operator	
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The	(shized)	physics	

Modeling	aspects	:	Shic	cell	operator	
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Weak	form	=>	FE	formulaDon	

Modeling	aspects	:	Shic	cell	operator	
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Weak	form	=>	FE	formulaDon	

Rearrangement	

fix ​𝑘↓𝑥 	and	 ​𝑘↓𝑦 ,	find	𝜔	and	𝑤		

fix 𝜙	and	𝜔,	find	𝑘	and	𝑤		

⇒  Solve	a	QEP	to	characterize	wave	propagaEon	in	any	frequency-
dependent	(visco,	poro,	piezo…)	periodic	structure	

Modeling	aspects	:	Shic	cell	operator	
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Band	diagram	

Group	velocity	

Freq	[Hz]	

•  All	wave	numbers	are	complex	
	=>	need	for	suitable	criteria	to	disDnguish	
	“propagaEve”	and	“evanescent”	waves	

•  How	to	track	a	given	wave	when	parameters	
change?	
	=>	need	for	correlaEon	criteria	

•  ComputaDon	of	the	group	velocity	for	periodic	
damped	structures?	

​𝐶↓𝑔 =(​𝜕𝜔/𝜕𝑘 )???	
•  For	an	homogeneous	material	with	

𝐸(𝜔)=𝑓(𝜔)​𝐸↓0 	one	has	
​𝐶↓𝑔 =𝑟𝑒𝑎𝑙(​𝑗​​𝜙↓𝑖↑𝑙 ↑𝑇 [𝑓(𝜔)(− ​𝐿↓0 + ​
𝐿↓0↑𝑇 +2​𝜆↓𝑖 ​𝐻↓0 )] ​𝜙↓𝑖↑𝑟 /​​𝜙↓𝑖↑𝑙 ↑𝑇 [​𝜔↑2 
(​​𝜕𝑓/𝜕𝜔 ⁄𝑓(𝜔) )−2𝜔]𝑀​𝜙↓𝑖↑𝑟  )	

M.	 Collet,	 M.	 Ouisse,	 M.	 Ruzzene	 et	 M.	 Ichchou	 :	 Floquet-bloch	 decomposiDon	 for	 the	 computaDon	 of	 dispersion	 of	 two-dimensional	 periodic,	 damped	
mechanical	systems.	Interna?onal	Journal	of	Solids	and	Structures,	48(20):2837–2848,	2011.	10.1016/j.ijsolstr.2011.06.002.	

Some	pracDcal	issues	

Modeling	aspects	:	Shic	cell	operator	
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∞	

∞	

∞	

∞	

(𝜂=1%)	 (𝜂=10%)	

DirecDvity	in	terms	of	evanescence	

All	waves	are	highly	evanescent	

Some	waves	are	highly	propaga?ve	

Modeling	aspects	:	Shic	cell	operator	
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Modeling	aspects	:	Shic	cell	operator	

𝜂=0%	𝜂=1%	𝜂=5%	𝜂=10%	

Dampen	Medium		
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Group	velocity	in	dampen	medium	

Modeling	aspects	:	Shic	cell	operator	



( , ) ( , )m mE x t E x t Tλ= + + ( , ) ( , )m mx t x t Tρ ρ λ= + +
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∂ ∂ ∂ ∂

− =
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Modeling	aspects	:	Plane	Wave	Expansion	PWE	

Example	:	Time	varying	beam	system	

Time	varying	longitudinal	moEon	
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Modeling	aspects	:	Plane	Wave	Expansion	PWE	

Outline	of	Plane	Wave	Expansion	method	

•  Fourier	expansion	of	material	parameters:	

•  Bloch	expansion	of	the	soluDon:	



Modeling	aspects	:	Plane	Wave	Expansion	PWE	

Outline	of	Plane	Wave	Expansion	method	

•  QuadraDc	Eigenvalue	Problem	(QEP):	



Modeling	aspects	:	Plane	Wave	Expansion	PWE	
Example	of	obtained	wave	dispersion	
curves	:	



Modeling	aspects	:	Plane	Wave	Expansion	PWE	
Example	of	obtained	
response	:	

No	Diode	Effect	!	

Only	standard	Bragg	Effect	

ModulaEng	Beam	
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Interface	with	two	configuraDons		

The	metacomposite	

PZT-Aluminum	Composite	

VibraDon	isolaDon	

VibraDon	damping	

…a	distributed	control	device	with	no	
computaEon:	combinaEon	of	analog	
structural/electrical	loops	communicaEng	
through	the	structure	

Design	funcEonal	structures	using	band	gap	properEes	:	Waves	
diffusion		
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Elementary	cell	

•  Efficient	tool	for	computaDon	of	dispersion	diagrams		
•  MulDphysics	damped	system	

How	to	choose	Z(w)	for	specific	func<onnali<es?	

Case	REFL:	Stop	propagaDon	of	flexural	waves	

Minimize	group	velocity	of	flexural	
waves:	vibra<on	&	acous<cs	limita<on	
	

Case	ABS:	Maximize	dissipaDon	

Maximize	electric	energy	dissipa<on	
in	shunt	
	

OpEmizaEon	procedure:	
find	opEmal	Z(w)	

Design	funcEonal	structures	using	band	gap	properEes	:	Waves	
diffusion		
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A0	mode	
radiaEon	is	
cancelled	acer	
opEmizaEon	

PropagaDve	part	of	kx	 PropagaDve	part	of	kz	

Evanescent	part	of	kx	 Evanescent	part	of	kz	

Design	funcEonal	structures	using	band	gap	properEes	:	Waves	
diffusion		
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ReacEve	circuit	(cancels	
structural	damping)	

Quasi	constant	Cneg		

OpDmal	electrical	impedance	

Design	funcEonal	structures	using	band	gap	properEes	:	Waves	
diffusion		
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A0	mode	radiaEon	
not	cancelled	acer	
opEmizaEon	

AcousEc	decay	rate	

PropagaDve	part	of	kx	 PropagaDve	part	of	kz	

Evanescent	part	of	kx	 Evanescent	part	of	kz	

Design	funcEonal	structures	using	band	gap	properEes	:	Waves	
diffusion		



48	

DissipaEve	circuit	

Quasi	constant	Cneg		

OpDmal	electrical	impedance	

Design	funcEonal	structures	using	band	gap	properEes	:	Waves	
diffusion		
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2550	
Hz	

8000	
Hz	

2550	
Hz	

8000	
Hz	

2550	
Hz	

8000	
Hz	

Case	REFL		@	2.5	&	8	kHz	

Case	ABS	@	2.5	&	8	kHz	

Uncontrolled	structure	@	2.5	&	8	kHz	

•  Non-resonant	shunt	
•  A0	wavelength	@	5	kHz	=	30	cm	
•  Length	of	acDve		interface	:	35	cm	

•  ReconfiguraDon:	only	change	
the	value	of	resistance	in	shunt	
circuit	

Design	funcEonal	structures	using	band	gap	properEes	:	Waves	
diffusion		
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Semi-acEve	system:	
•  No	control	loop	=>	robustness	
•  Need	only	to	power	Op-Amps	

Design	funcEonal	structures	using	band	gap	properEes	:	Waves	
diffusion		
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Case	ABS	Case	REFL	

M
ea

su
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m
en

t	@
	2
5	
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M
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m
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t	@
	3
00

0	
Hz

	

Design	funcEonal	structures	using	band	gap	properEes	:	Waves	
diffusion		
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A	beam	with	two	interfaces:	Low	Frequency	

R=500	Ω

Design	funcEonal	structures	using	band	gap	properEes	:	Waves	
diffusion		
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A	beam	with	two	interfaces:	High	Frequency	

R=40	Ω

Design	funcEonal	structures	using	band	gap	properEes	:	Waves	
diffusion		
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1D		

2D		

Local	modes	not	excited	 Local	modes	excited	

Output	Power	

Displacement	
??	

Design	funcEonal	structures	using	band	gap	properEes	:	
The		boundary		
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Beyond	Band	Gap	

Energy	diffusion	

Insulator	

Focusing	

Waves	Traps	

Diodes	

Design	Graded	Time	Variant	and	Non-Linear	architected	Materials	for	Finite	structure	
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Beyond	Band	Gap	:	AdapEve	Lens	
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Beyond	Band	Gap	:	AdapEve	Lens	

Tunability	of	the	focal	point	
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At	2000	Hz	

Beyond	Band	Gap	:	AdapEve	Lens	

Tunability	of	the	focal	point	
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Beyond	Band	Gap	:	AdapEve	Lens	

Energy	ConcentraDon	zones	at	different	frequencies	
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Beyond	Band	Gap	:	AdapEve	Lens	
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Beyond	Band	Gap	:	AdapEve	Lens	
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The	physics	

Control	law	that	guarantees	kx<0:	
	
	
	
Finite	difference	esDmaDon	of	1st-order	derivaDves	

P.	David,	M	Collet	et	al.,	SMS,	19(3),	2012	

Rigid	skin	

AcDve		skin	
10	dB	

600	Hz	 2000	Hz	

Beyond	Band-Gap	:	Reciprocity	breaking	and	diode		
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Beyond	Band-Gap	:	Reciprocity	breaking	and	diode		
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need	more	details?	
	
	
M.	Collet,	M.	Ouisse,	F.	Tateo		
Adap?ve	Metacomposites	for	Vibroacous?c	Control	Applica?ons	
Cover	of	IEEE	Sensors	Journal	14(7),	2014	
hHp://dx.doi.org/10.1109/JSEN.2014.2300052	
	
	
F.	Tateo,	M.	Collet,	M.	Ouisse,	M.	Ichchou,	K.A.	Cunefare,	P.	Abbe		
Experimental	characteriza?on	of	a	bi-dimensional	array	of	nega?ve	capacitance	piezo-patches	for	
vibroacous?c	control	
Journal	of	Intelligent	Material	Systems	and	Structures,	2014	
hHp://dx.doi.org/10.1177/1045389X14536006	
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