Multiple Scattering Theory:

Introduction and Practical tools

J.-P. Groby

Laboratoire d'Acoustique de I'Université du Maine,
UMR CNRS 6613 (LAUM), Le Mans, France

email address: Jean-Philippe.Groby®@univ-lemans.fr

Collaborations concerning this topic:
L2S, UMR 8506 CNRS: D. Lesselier
LMA, UPR 7051 CNRS: A. Wirgin
LAUM: C. Lagarrigue, V. Romero-Garcia, L. Schwan, V. Tournat
Univ. Haute Alsace: T. Weisser
Univ. of Salford: O. Umnova

Training lecture
Metagineering 2017 Summer School, 4th July 2017

LAUM ﬁ Le Mans

Université

1/62 J.-P. Groby Multiple Scattering Theory




Context

o Cours détaillé introductif, B. Djafari-Rouhani

@ Métamatériaux dans l'industrie de I'acoustique audible : Cas du
métaporeux, C. Lagarrigue

Métamateriaux acoustiques, J. Sdnchez-Dehesa
Relation de dispersion - PWE, EPWE, J. Vasseur
Métamatériaux et aspects perceptifs, N. Cété

e 6 o o

Technique d’homogénéisation, A. Maurel

Sonic Crystals

@ Particular case of phononic crystal with a fluid as host medium.

@ Made of rigid, penetrable or resonance scatterers.
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e Part |. Introduction

o What is scattering?
o One dimensional scattering

o Part Il. Scattering by circular rigid cylinders
o General background
o Scattering by a single circular cylinder
e Scattering by N circular cylinders

o Part Ill. Scattering by a periodic arrangement of circular
cylinders

Scattering of a plane incident by an array of rigid cylinders

Reflection and transmission coefficients by an array of rigid cylinders

Reflection and Transmission coefficients by a stack of gratings

]
]
]
o Band diagram calculation
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o What is scattering?

o One dimensional scattering
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What is scattering?
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What wikipedia says?

7/62

Scattering is a general physical process where some forms of radiation,
such as light, sound, or moving particles, are forced to deviate from a
straight trajectory by one or more paths due to localized non-
uniformities in the medium through which they pass. In conventional
use, this also includes deviation of reflected radiation from the angle
predicted by the law of reflection. Reflections that undergo scattering are
often called diffuse reflections and unscattered reflections are called
specular (mirror-like) reflections.

pinc AN =
psR;)ec/ @ )) pzpec

Is it more related to energy?
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What is Single and Multiple Scattering?

When radiation is only scattered by one localized scattering center,
this is called single scattering. It is very common that scattering
centers are grouped together; in such cases, radiation may scatter
many times, in what is known as multiple scattering. The main
difference between the effects of single and multiple scattering is that
single scattering can usually be treated as a random phenomenon,
whereas multiple scattering, somewhat counterintuitively, can be
modeled as a more deterministic process because the combined results
of a large number of scattering events tend to average out. Multiple
scattering can thus often be modeled well with diffusion theory.
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Physical interpretation of the bandgap: Bragg interferences

2dsinf = nA\.
In particular, only specularly reflected and transmitted waves are

propagative in the surrounding medium for finite depth sonic crystals
within the first Bragg bandgap.
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One dimensional scattering
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One dimensional scattering

Pressure field is splitted into upward and downward going

waves: N B N
{ p. = Rp, + Tp],
ps = Roj + Tp,
in case of reciproque and symetric scattering. o L A oPd
Outgoing waves Ingoing waves )
— — p=74
Py T R||pj
———
Scattering matrix SC
SC eigenvalues are A = (R £ T): symetric and problem.

o |As|? (J\al?) reflected energy in the (anti)symetric problem
@ as =1—|Xs|? (aa = 1 — |\a|?) absorbed energy in the
(anti)symetric problem

As + Aal” “As + Aal?
o |R” = ‘S—;A and |T|> = % reflected and
transmitted energy by the global system
a= @ absorbed energy by the global system
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o General background

o Scattering by a single circular cylinder

o Scattering by N circular cylinders
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General background |
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Helmholtz equation in cylindrical coordinates

Helmholtz equation (e~ time convention)

(A+ K?) p(r) =0,Vr € R?,

H? 10 1 02
In cylindrical coordinate system, A = — + ~— 4+ — — and the
yiner i I Y (“)r2+r(“)r+r2(’“)92
Helmholtz equation reads as

872_’_ 10 1 92
ar2 " ror  r2oe?

Separation of variables: p(r) = F(8)G(r), with
F(0) = F(0 + 2nm), ¥n € Z (0 periodic) + geometry

1 OF(0)? 20 (1 82G r 9G(r) 2
—_— = —k°r R-.
Flo) 0 TS ar )
Function of 6 Function of r
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Solution of the Helholtz equation

1 8F(9)2 )
= -V
F(e) 892 , — in6 —in6
® Y F(6) = F(0 + 2n7), Yn e Z, ;‘F(ﬁ)—%Ae + Be
+ geometry ne

e For fixed n, introducing o = kr, G,(«) satisfies the Bessel's equation

9?Ga() 4 196Gn(a) | <1 _ ”Z) Go() =0,

0o a Oa

whose solution is
Hankel function of 1 kind
—

Go(a) = C Jn(a) +DHY(a).
~——

Bessel function of 1% kind

p(0) = 3 (Audulkr) + BHD (k) &, J

n€eZ

because J_,(kr) = (—1)"J,(kr) and H) (kr) = (—1)"HY (kr).
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Physical meaning of the solution

p(r) = Z AnJn(kr)e™  p(r) = Z B,HD (kr)em?
nez ne’
ZTo To
Ingoing waves Outgoing waves

Remark: the solution could alternatively be sought in the form
p(r) = Z (AT o(kr) + Bl Ya(kr)) €.
nez d
Bessel function of 2" kind
The scattering problem also implies to relate 5, to A, Vn € Z:
B =SCA.
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Scattering by a single cylinder
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Scattering of a plane incident wave by a rigid cylinder
Look for pl(r), vr € QM

{ (V + k*)pl(r) =0,

_|_
pl%(r) — p(r) ~ outgoing waves,

wherein p’(r) = eikix—ike \yith ki = —k cos (6")
and ki = \/k? — (ki)2, with Re(k}) > 0.
Boundary conditions:
VIR =0 = il

or |,_g
The pressure field in QI takes the following form

p(r) = Z Amd m(kr)e™ + Z B,HD (kr)ein® .

meZ

neZ

Incident field Scattered field

27
Remark: / el("=mPqy — on§,. ie., e is an orthogonal basis.
0

J.-P. Groby
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Expression of the incident field in C

(g ] - (2]

pi(r) _ eik{xlfiké'xz
_ e—ikcos(&")rcos(0)—iksin(9’.)rsin(0)

— efikr[cos(ﬁ") cos(0)+sin(0i) sin(0)]
_ efikrcos(ﬁft‘)").

Refering to Abramowitz & Stegun, 1964:

—1krcos 60— 9 1m 0—0'
e =3 (-) 0=,

meZ

so the incident field may be written as

P = 37 (0)me ™ 3 (k) €.

meZ
Am
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Application of the BC and solution of the problem

p(r) = AmIm(kr)e™ +> " BHW (kr)e™.
meZ nez
The normal derivative with respect of r reads as

N_ S kAmIm(kr)e™ + 3 kB HS (kr)el™,

where Xn(x) = aXn(X)/aX = (anl(x) - Xn+1(X)) /2.

27
Introducing o = kR and making use of/ e("=mldy = 276, after
0

2m
0 .
projection Rx / & e 1%dh =0, we get:
~~ Jo or =R
optional
B, = (1§a) An= SCy A,
B ()
n Scattcrlng coefficient

and finally p(r) Z.A ( (kr) + SC,HW (k )) el
neZ
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Penetrable scactterers

21/

62

@ when the cylindrical scatterer is penetrable (fluid), the pressure field
in QI reads as (Rayleigh hyposthesis):

pH(r) = Z Crmd n(kr)el™e™.

meZ
27
Application of the BC (after projection / -e_i’9d0> leads to
0

W (o], (ol 013 (ol (1]
Bn _ 5 J (a ) ”(a ) ﬂ J,—,(OZ )J"(a ) An :Sann;

BOFY (o) J, (altl) — BUHD (a1 (alt)

where all = kUIR, Ul = olil/pll j =0, 1.
Remark: the low frequency approximation reads as ((’) (alo])2>:

i (al0)? K0] ir ()2 0l _ o]
o U (_ ) e~ L )p[O] ot
4 4 plol4p

@ at low frequency, split ring or Helmholtz resonators leads to full
scattering matrices Krynkin et al., J. Phys. D: Appl. Phys., 2011.
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Scattering of a cylindrical incident wave by a rigid cylinder

Look for pl(r), Vr € QI 50,

{ (V + Kk*)pl(r) =0,

+ .
pl%(r) — pi(r) ~ outgoing waves,

wherein p'(rs) = %H(()l)(krs).

Boundary conditions:

Notation:
@ superscript indicates the object
@ subscript indicates the object the coordinate system is attached to

The pressure field in QI takes the following form

Coordinate system attached to the cylinder

i .
p)=Ho (k) + D BHD(kr)e™.
—— nez

Coordinate system attached to the source
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Graf's addition theorem Abramowitz & Stegun, 1964

Z ei("_q)O%Hgl_)n(krf)Jq(krl)eiqel, if n < r?

HV (kry)eln2 = { 34 .
o' (kr2) z:el("_")efJ,;,,n(krlz)Hgl)(krl)el"‘gz7 if B >r?

qcZ

Remark: may also be found with 62 = 62 + 7.
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Solution of the scattering problem

Applying the Graf's theorem, we end with

Z ie*i"ean(krS)HE})(kr)ei"e ,for r > r®,
nezZ

pr) = Z le*i"est,l)(krs)J,,(kr)ei"e ,for r < r®,

so the problem reads as

p(r) = Z (.AnJ,,(kr) + B,,Hf,”(kr)) e, for r < r°.
nez

Or, we show previously that

B, = —#An = SChA,.
H, (a)

n

_i (1) (1) inf
p(r) = H (krs)+ZE%SC,,A,,H,, (kr)e™®. \
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Scattering by a N cylinders
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Scattering of a plane incident wave by 2 rigid cylinders

Boundary conditions:
apld

Look for pl(r), vr € QU
(V + Kk*)pll(r) = 0,
_|_
pl%(r) — p(r) ~ outgoing waves,

wherein pi(r) = eki®-1k% with ki = —k cos (6') and

ki = /k2 — (KI)2, with Re(k}) > 0.
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S

cattering of a plane incident wave by 2 rigid cylinders

Boundary conditions:
opld

The pressure field in QI takes the following form

Coordinate system C;

p(r) = Z(—i)’"Jm (kr) eim(®=0") +Z BMHW (krp )l +Z B’gz)Hgl)(krg)eiqg2 .

meZ neZ

q<Z
Global coordinate system

Coordinate system Cp
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27/

Expression of the field in C;

62

pi(r) D (r1) PP (r2)

Q. : .
p(r) — eikix—ikyx +Z B’(71)H£71)(kr2)em92 _|_Z B‘(f)Hgl)(er)elqeg )

@ Incident field

p'(r)

=€

neZ qEZ

= ¢l iki.r
elk'( +r1)
k't eik".r1
[
) Cylinder_l )
_ e—ik’r1 cos(01—0’) > Z(_i)an (krl) ein(0179’)
) ) nez
D AT, (kn) e

neZ
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Expression of the field in C;

27/

62

P pl(n) P(r2)
s i K -
p(r) — ethixi—ikyx +Z Bf,l)Hf,l)(krz)emez Jrz 822)Hgl)(kr2)elq92 )
nezZ g€z

@ Scattered field by the cylinder 2
Graf's theorem, for r; < r? — R():
Hgl)(kfé)eiqu =
> TR (ki) Ia(kry )™,
neZ

so we got,

pgcat (r1) ZZBQ) i(a=m6; 1H, (1) (kr1 ) n(kr)e 01 for r < re— R®.
n€Z q€Z
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Expression of the field in Cy, for r; < r? — R()

p(r1) = Z AN T, (kry) el } Incident field

neZ

+ Z Z B i(a=n) 1H(1) (krlz)J,,(krl)ei"‘g1 Scattered field by 2
neZ g€’

+ 23(1 1) (kry) ”"91} Scattered field by 1
ne”Z

27
Keeping in mind that / e ("=M0dQ = 276 ,m, this field may be written as
0

A
p(rl) :Z < [All —|—Z 8(2 i(g—n) 1H(1) (krl) (kr]_) +B£1)H£,1)(kr1)) einel.

qEZ
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Solution of the problem

29 /62

Once again, we have
BW = _MA,{ =SciAL

A ()

. . _ 2
= SC; | AV Y BP TR (kD) |
qez

which may be written in matrix form
B! = A' + CIB%
Similarly, we can express the field in C, for r; < r} — R() and we get:
B2 = A% 4 C1B.

Finally, the final system reads as:

ExcNn
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Warning! Take care with field representation domains

For the solution of the problem we experessed the fields in both
n<r—R® and rn <r?—RW, but we should keep in mind that

p(r) = S (=) (kr) "1 BOHD (k)" + BOHD (kra)e ™2, vr € Q.

nEZ

J.-P. Groby Multiple Scattering Theory



Scattering of a plane incident wave by N cylinders

‘ Boundary conditions:

opll .
(5. =0,j€J
rJ rj:RU)

Look for pll(r), vr € QU

{ (V+ k*)plr) = 0,

+ .
pl%(r) — p(r) ~ outgoing waves,

wherein pi(r) = eki®1k% with ki = —k cos (6') and

ki = /k2 — (KI)2, with Re(k}) > 0.
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Scattering of a plane incident wave by N cylinders

‘ Boundary conditions:

Hpldl )
;, =0,,€J
':/ rjzRU)
The pressure field in QU takes the following form
pg?at
p(r) :Z(,i)an (kr) ein(Gfe") + ZZ B,(;'.)Hs,l)(klj)eimg/ '

n€Z JEITnEL

Global coordinate system
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Solution of the problem

@ Express the field around each j-th cylinder Vr; < ming; ( — R()
AU)

p(r) =) ( {Aﬂ + Y D BPeltammiy (krj")} Jn(krj)+Bf,1)HE,1)(krj)) i)

neZ o€J#j qEL

° Apply the BC on the j-th cylinder
=S¢, <Aﬂ+ ST S B@elamTHD (ke ))
0€ET#j qEL

@ Final system for the solution of B,(,j), VneZandVje J

[ id -¢ - - - -¢' -¢ B ] [A ]
-G 1 I o S B’ A’
-cj, ¢, - . - d -Cj, B! A!
-¢, -¢ . . . -t ud [|LB ] LA ]
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Comments

o Replacing the expression of A/ by A/ = Z e % H(l)(kr ), enable

the calculation of B/, j € J when the configuration is excited by a
line source.
In other words, you calculate the Green's function of the system!

= usefull to calculate the density of state Asatryan et al., Waves
Random Media, 2003
= usefull to solve inverse problem Groby and Lesselier et al., J. Opt. Soc.

Am. A, 2008
M

@ Sum are truncated in practice and reads Z , with
m=—M

M = int (4.05(kR)1/3 + kR) + security coefficient,

=10

Barber and Hill, 1990
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Example: 77 element finite dimension sonic crystal

2500
£ 2000
3
£ 1500
3
2
3000 £ 1000
2500 500)
~ 2000
£ 05 15
2 1500 |p(r,w)|
g
g
g 1000 —
= 2500
500
g 2000
r 5
§ 1500
3
g
& 1000
500
0 0.5 1 15
[p(r,w)]

We should use the pointing vector instead of the pressure field.
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o Scattering of a plane incident by an array of
rigid cylinders

o Reflection and transmission coefficients by an
array of rigid cylinders

o Reflection and Transmission coefficients by a
stack of gratings

o Band diagram calculation

J.-P. Groby Multiple Scattering Theory



Scattering of a plane incident by an array of rigid
cylinders
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Scattering by an array of rigid cylinders

Z2

0

Look for pll(r), vr € QU
(V +k2)pl%(r) = 0,
+
pl(r) — p(r) ~ outgoing waves,

wherein p/(r) = ek -1k with ki = —kcos (6') and

ki = /k2 — (KI)2, with Re(k}) > 0.
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Scattering by an array of rigid cylinders

37/62

@)

opldl
Boundary conditions: P =0
or r=R

The field is quasi-periodic (Floquet-Bloch condition):

plf! (1 + nd, x2) = p[o](xl,XQ)eik{”d, Vx € R? and Vn € Z.

= |t is sufficient to determine the field in the unit cell C.
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Scattering by an array of rigid cylinders

(@] x1
The pressure field in QI takes the following form

()

Pscat

p[O](r) :Z(_i)an (kr) ein(é—ef) + ZZ B,g)HE,I)(klj)einef .

nez JEZnEL

The periodicity implies '
BY) = B elkid,
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Scattered field in Cy

The scattered field may be written in the form

pr(r) =33 B£,°>eifkde<:>(krj)ei"9f

JEZneZ

_ Z B(O kI’o infg
neZ

+ ZZ B ljk dH(l er 1nOJ + ZZ B yk dH 1) kr )elne
Jj<O0n€eZ Jj>0neZ

Applying the Graf's theorem (rp < d — R) leads to

S (1) HY  (klj|d) g (kro)e'?®, for j < 0,
()(kr) inf; _ qEZ ,

ST HY (kid)Jo(kro)el?®, for j > 0.
q<Z
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Scattered field in Cy

The scattered field may be written in the form

prew(r) = 3D BN (ke

JEZNnEL

= Z BOHM (kry)eln?
nE”Z

+ ZZ B UkldH(l) kr 1n01 + ZZ B(O 1Jk1dH(1)(kr) 1nt9
Jj<0neZ Jj>0neZ

d

For (ro < d — R)J unit cell

picse(r) = Y BHD (krp)e”
neZ
+30 3 BO ST HY (kid) (€949 + (—1)"*qe*ifk1"d) Tn(krg) e

nEZ qeL Jj>0

Schlomilch serie
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Comments on the Schlomilch serie

The serie: _ o
Sy = D H (kd) (94 4 (—1)e )
Jj>0
is known to be slowly converging in absence of losses.
A large litterature exists on the numerical evaluation of this serie

o V. Twersky, Elementary function representations of Schlémilch
series, Arch. Ration. Mech. An., 8(1):323-332, 1961

o C.M. Linton, Schlémilch series that arise in diffraction theory and
their efficient computation, J. Phys. A.: Math. Gen., 39:3325-3339,
2006

@ R.C. McPhedran, N.A. Nicorovici, and L.C. Botten, Schlémilch series
and grating sums, J. Phys. A. : Math. Gen., 38 :8353-8366, 2005.
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Solution of the scattering problem

The incident field reads as

Pi(l'o) — efikfro COS(GO?H’.)XZ(fi)an (kro) ein(@ofe") _ ZATJ" (kro) ein@g7
neZ n€Z

so we end with

p[o](r) = Z (B(O 1)(kr (Z Bgo)Sn,q + Agi)Jn(kr0)> ginfo

nez q€EZ

Once again, we have

>

n

1 i
BY = sct (A?, +> B£,°>an),

qEeZ

which may be written in matrix form

[Id — S]B° = A°. J

p[O](r) :Z(_i)an (kr) ei”(9—9’) + ZZ B,({)Hgl)(krj)einaj.

neZ JEZ neZ

We do not really use the reciprocal space and Bloch waves! )
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Reflection and Transmission coefficients by an array
of rigid cylinders
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Scattering by an array of rigid cylinders

Qlo]

Ol

Qlol—-

Look for Ry and T,

p[0]+ — E 5q0eik1qx1—ik2q(><2—L) + F\;,qeik1q><1+ik2q(><2—L)7
q<Z

p[O]— — § 7—qeik1q><1—ikquz7
qeZ

where kig = ki + 229, kpq = |/ k? — k2., with Re (kzq) > 0.

e A0 0i gikoL
Warning: A;' < A;'e"™".
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Periodic Green's function

d

(23 +d,x3) (x5 +2d, x3)

O T

+

(V + k ) (x,xs) = _5x1‘+jd,x25a JEZ
G(x,x%) ~ outgoing waves when x, — 00,

sy_ N\ ik (= —jd)+ika e | GKL
G(x,%°) ZM/_; =,

with kp = \/k? — k# and Re(kg) >0, with kyj = —.

2 (o]
Using the Poisson formula Z eikud — 1 Z Ok, We get

Jj=—o0 Jj=—o0

i eiqu(xl —Xx; )Fikog|xo—x5

Geara = Z 2d kog

JEZ
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Scattered field by the grating

From the Green's theorem we have

rre [0] s
P[O](r):‘/D(p[O](rs)ag(gr;)_g(r’ rs)apar(s ))dD

Z2

O Z1
Using p[O](rS) _ Z (BSJO) 1)(kR )+ ZB (kR)) einfo.

necz qEL
orthogonality of €"® and Wronskian identity, we end with

p[oli/(x) _ Z Z Bgo) inne—iququ:iquxS eiquxliikquQ,
qEZ nEZ

QLo+’

i

Ty

2(—0)"
with K = e*inta,
" dkog
where ke = kig + ikag.

zy<al-R Q[O]—
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Identification of R, and T,

We have
p[0]+ Z ZB |k1qxffik2qx§eiqux1+ik2qx2’ for xp > XS +R,
qEZ nEZ
pgf (x) = Z Rqe'kl"xl+'k2‘7(xz_"), for x, > L > xJ + R.
qGZd
Making use of gllkia—kim)x gy — 2w dégm, we end with
0

Ry = Z 3570) Kt;e—iquxf_ikzq(xg_u.

nez

On the other hand we have

p[o] (x) Z Z B(O)K —ikygx04ikogxd eiquxlfikqua for x, < XS _R,
q€Z n€Z
plo=( Z Tyefea—ikae for xo <0 < x? — R.
qeZ

Making use of the orthogonality of the Bloch waves, we end with

0) po— —ikigx?+ikogxd ikog L
Ty = E B¢ )Kq,,e Hagx o 4§ ge' et
neZ
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Summary of the field representations

0o+’

o

[0]%

o Field representation in cartesian coordinates in Q2
o Field representation in cylindrical coordinates in Qc¢,

o For large radius cylinders, we should run the sum in the direct
spatial domain in the red regions...
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Evidence of the Wood anomaly (Wood, Phil. Mag. J. Sci., 1902)

Far below the possible resonance of the scatterers, both Ry and T,
present a pole when kyq = 0.

In particular, when ky; =0, i.e., k{ + 27” = k, all the energy is spread
along the grating (at normal incidence A = d) and a = 1.

This has led several authors to study propagation of this type of
guided/surface waves Porter and Evans, J. Fluid Mech., 1999
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Reflection and Transmission by a stack of gratings |
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Scattering by a stack of array of rigid cylinders

Look for pll(r), ¥r € QI
{ (V+k2)pl%(r) = 0,
_|_
pl%(r) — p(r) ~ outgoing waves,

wherein pi(r) = ek —1k% with ki = —k cos (6') and
ki = /K% — (K2, with Re(kj) > .




Scattering by a stack of array of rigid cylinders

Boundary conditions:

or |,_g
The field is quasi-periodic (Floquet-Bloch condition):

pl (x1 + nd, x2) = p[o](xl,X2)eik{”d, Vx € R? and Vn € Z.

= It is sufficient to determine the field in the unit cell C.
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Scattering by a stack of array of rigid cylinders

It exist several ways to solve this problem

@ Scattering Matrix: large litterature notably by the group Mc
Phedran and L. Botten

@ Transfert Matrix

@ Considering the unit cell as a kind of supercell
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Scattering by a stack of array of rigid cylinders

000
(0]

Look for Ry and T, T,

p[0]+ _ Z(gqoeiquxrikzq(er) + Rqeiquxﬁikzq(xru’ Vx € Q[O]Jr’
qEZ

o 2 7 s, v gl
qEZ . .
P = 37 (£Fetwe 4 fretre) ehio 135" BOHD (krj)el™?,
qez JEZNnEL

where kig = ki + 259, kyq = \/W—iqu with Re (ksq) > 0.
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Solution of the scattering problem

e Application of the BC on '+

epcent . ®
R, = Z B’Q)K;e—'quXf—'qu(Xg—L) 2
e . ---------------------------

T, = Z Bf(]j) Kq—ne—iqux$+ik2q(x§—L) + eikqu(Sq ‘
jes _
fr =0, and ;- = e'*aby, Or- L1
d @ Application of the BC on the cylinders

Phat(ry) = ehaalattlg 4

Z Z Z BEO) K{;;eiqu(xl7x1°)+ik2q(x17x§)+

o0>j qEZ nEL

B(o) K= eik1q(X1*Xf)*ik2q(X2*Xg)_
> 2. BYKs,

0<j qE€EZ n€EZL
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Solution of the scattering problem

o Application of the BC on I'*

Ry = Z B(J + 7lk1qx17|k2q(x2 L) xQ.
€7 ' ---------------------

T, = Z BS]])quneflquforlkgq(ngL) + e.quL(;q .
i€ )
fq+ =0, and f; = ekl s, O - T

d @ Application of the BC on the cylinders

o change of coordinate system
Sh=xn—x, h=12

e coordinate type: cartesian —
cylindrical

1k1qx1i1k1q><2 2 :J J G 1n9
qnYn 9

nEZ

where J£ = (i)meF%.
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Final system

Formaly the pressure field for min,4; (rf — R(°)) reads as

PN =3 (BS’)HE”(kro) +(DoBOS + 3D BIsl) + A )J,,(kro)> e,

n€Z IEZ o#j IEL

An
and we may apply again the realtion B, = SCA,.
In this case S — Z M

nd dk2q
q€EZ

More complete expression may be found in Groby et al., J.Acoust.Soc.Am., 11
Final system for the solution of B, ¥n € Z and vjieJd

eiqu(x{—xlo)iikzq(xé—xf), (+: Xé > ).

d-s -s . . . -s//' s/ 771B" 7 TJA' ]
-} Id-S - - - -S;7' S B? A?
s, -s2, . . . d-S -SJ, B/! A?
| S} -85 - - . -syt d-s || B | [ A ]

R R RRRRBRRRRBRRERRBBSBBS=>SSESSESBEEBEEEEEEBSDBBEEEEEBDBRBRBR
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Example: 7 rows sonic crystal of inifinte latteral extend

[
S

3000
d =10 cm 2r =7 cm
/ :Oooooooooo»--
< 2000 0000000000
£>1500 / lz...........
3
3 - 100000000000 -
- 00000000000
500 ...........
00000000000
! : X M O T
3000 3000

2500f___—— 2500 E

£ 2000¢ ¥ 2000
P > .
£ 1500¢ £ 1500 Fabry-Perot interferences
£ 1000 i 1000
500 500
0 . . 0 . . . .
0 0.2 0.4 06 0.8 1 0 0.2 0.4 0.6 08 1
IR Il
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Band diagram calculation

5362 J.-P. Groby Multiple Scattering Theory



Various methods

@ Plane Wave Expansion (as presented previously by J. Vasseur)
= easy to use (eigenvalue problem)
= limited to lossless cases and a single type of material per unit cell

@ Extended Plane Wave Expension
= easy to use (eigenvalue problem)
= single type of material per unit cell
@ Method based on the Multiple Scattering Theory

o Scattering Matrix: Botten et al., Phys. Rev. E, 64:046603, 2001
= implicit in term of Bloch wave

e 2D periodic Green's function: Poulton et al., Proc. R. Soc. Lond. A,
456:2543-2559, 2000
= implicit in term of Bloch wave
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Obtention of the eigenvalue problem

We have

pu — § <a;qeflkzq(ngl_) + aj’qelkzq(X27L)) elquxl
qeZ

_ + _ikogX: — _—ikogx: ik1gX
Pd = E (adqe 2%+, e 2) e
qeZ

The terms aZ; and ad may be arranged in a and a>.
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Obtention of the eigenvalue problem

Because of the orthogonality of the Bloch waves, we write:

+ +
{ a, } _ gikesl [ ay ]
— - - 9
a, a,

where kog is the projection of the Bloch wave number kg along x», such
that kg = /(kj)? + k25.
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Obtention of the eigenvalue problem

RS and TS might be calculated when the array is solicited by the @-th
Bloch wave. Therefore, we may construct a matrices R and T, and we
have, again thanks to the orthogonality of the Bloch waves:

Lo wllE e SR AR

So, we end with the following eigenvalue problem

d 0] '[T R][al] .l al
R T 0 Id||a, | € a, |’

J.-P. Groby Multiple Scattering Theory
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Example of band diagram

3000

2500

M

— 2000
N
z
& 1500 |
c
v 7 X
g 1000
[T

500

d =10 cm

Along I'X, k{ =0.

X 0 1 2
T (¢i*?)

= Multiple Scattering might also be used to calculate band diagram
= EquiFrequency Surface: might be complicated along the XM direction
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Conclusion

Multiple Scattering Theory is an efficient tool for

o calculating the response of finite dimension sonic crystals,
o calculating the response of finite depth sonic crystals.

Multiple Scattering Theory might also be used for band diagram
calculation

Multiple Scattering Theory might also be used in

e phononic crystals

e metaporous materials
e vibroacoustics
]

Multiple Scattering Theory is efficient for cylindrical (ovaidal) shape
scatterers
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You have to take care of the losses!

R =1 mm and ¢ = 0.5, Duclos et al., EPJAP, 2009

Coefficient de transmission

kL/x
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Comments on the longwavelength limit

In the longwavelength limit A\ >> d, the
viscothermal problem reduces to

pp 00
iw| 0 pp O -V =Vp,
| 0o
éCiJ_ iwp =KV -V,
el where (Johnson-Lafarge model)
Qogj 1 . Mj . .
= —= 14+ —4/1 i— th j=1
Pj ) ( +i£)j\/ + 1wj 5 | withy s
K — 7Po
1 M\
(b('y(fyl) 1+iu}T/ 1+1w’2‘|>
) 8k} wk) 8arsokoj wkoiClooj
thM/: 0' - 0’ J— ) J’ A JOOJ' =1L.1.
Wi ¢/\/2 w I//¢ J ¢Aj2 V¢ J ) ||
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Comments on the longwavelength limit

d In the longwavelength limit A >> d, the
: viscothermal problem reduces to

pp 00
iw|[ 0 pg O -V =Vp,
| 00 &
6L iwp=KV -V,
el where (Johnson-Lafarge model)
TR? R ~2log (1 — ¢) — 26 — ¢2
_ /\/ S k/ — R2
e Yoy ot o2
2— og(l—¢)—
ol =2— A =R———"2 k, =R? ,
Qoo | ¢7 1 2(1 _¢)7 0L 16(1 — )
Ozoo” = 1, /\” = /\/, kOH = k67

for dilute arrangement (¢ > 0.5) Tarnow, J. Acoust. Soc. Am., 1997.
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DENORMS Action (CA 15125) (@W

DENORMS (Designs for Noise Reducing Materials and Structures) aims at designing
multifunctional, light and compact noise reducing treatments, which will be used in realistic
environments.

DENORMS brings together skills and knowledge of ’\ s ,ﬂ

the complementary communities of scientists working #&

on acoustic metamaterials, sonic crystals and w T
conventional acoustic materials across Europe and

overseas.

= 3 interacting Working Groups (WG)

@ WGI. Modelling of sound interaction with noise
reducing materials and structures
@ WG2. Experimental techniques
DENORMS currently gathers
Laboratories and Industrial partners from
27 Participating countries and 1 (4)
International Parner Country.

@ WG3. Industrial applications

= DENORMS Activities for 2017-2018
@ Workshop Brainstorming, Novi-Sad, 14-15th Sept 2017.
@ Training School Experiments on porous materials and acoustic metamaterials, Le Mans,
4th-6th Dec. 2017
@ Workshop Experimental techniques in porous materials and acoustic metamaterials, Leuven,
7th-9th Feb 2018

Further information on
-~ Funded by the Horizon 2020 Frameork Programme
https://denorms.eu/ (¥ ofhe European Urion
Contact denorms@univ-lemans.fr
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Welcome to SAPEM 2017

University of Le Mans and the Laboratory of Acoustics are happy

to welcome you for the fifth edition of the Symposium on

Acoustics of Poro-Elastic Materials to be held on the 6th, 7th
ind 8th of December 2017.

The symposium aims:

* presenting the most up-to-date researches in modelling,
characterisation
* promoting industrial ipphcatm\s of Bp materials,

* bringing together researchers engineers working in
adjacent discipines concermed vnm porous media,

« discussing future challenges for this area of research.

During this edition, a special focus will be put on metamaterials
involving porous media and viscothermal dissipation and on the.
interaction of porous materials with flow.

Program
‘The non-parallel sessions of this fifth edition willinclude:

Physical models for porous materials
Experimental methods for porous materials
Numerical models for porous materials
Industrial applications

Metamaterials with porous materials
Interaction of Porous materials and flows

Special attention will be paid to reserving time for discussion.
A fruitful poster session will be m!amsed alongside with
exhibition by our industrial partners.

International Scientific Committee

Keith Attenborough (The Open- umvemy London, UK)
Yves Aurégan (lAIJM CHRS, France)
Susan Boij (KTH, Sweden
Stuart Bolton (Purdue University, USA)
Laurent De Ryck (LMS Siemens, Belgium)
Elke Deckers (KU Leuven Belgium)
Ludovic Desvard (Dyson, UK)
Amaud Duval (Treves, France)
er Goransson (KTH, Sweden)
Ko Horeapenmoy (The University of Sheffield, UK)
Anton Krynkin (The University of Sheffield, UK)
Emmanuel Perrey-Debain (UTC, France)
Vicente Romero-Garcia (LAUM - CHRS, France)

Organising Committee

Olivier Dazel,
Hermann (LAUM
JeanChristophe Le Roux (CTTH)

Francois-Xavier Bécot, Luc Jaouen (Matelys - Research Lab)
Claude Boutin (ENTPE - CHRS)

@ LAUM

LE MANS i
ACOUSTIQUE

Jean-Philippe  Groby, Aroune Duclos, Valérie
NRS)

Université\aine

P
MAT LYS

Abstract submission

There is no requirement to submit a full paper, but presenters
should submit an abstract of up to 1,500 words (about two pages),
including details of their results and references. The Conference

imittee reserves the right to decline submissions that are not
in line with the objectives of the Symposium.

Presentations will be collected and compiled in a digital form.
Selected papers will be recommended for publication in a special
section of a peer-review joumal.

Registration

The full registration fee is € 460, € 410 for EAA members and € 310
for students. It covers attendance, instructional materials,
proceedings, coffee breaks, lunches and social events. There will
be a € 60 discount off the full registration fee for registration
‘made prior to October 20 2017.

Registration must be carried out following the link available on the
Conference website :

http://sapem2017.matelys.com

Important dates

Deadline for abstract submissions: Sep. 8™ 2017
Deadline for early bird registrations: Oct 20™ 2017
Deadline for registrations: Nov. 17 2(

Contacts

'SAPEM 2017 - LAUM (UMR CHRS 6613), Université du Maine,
av. Messiaen, 72085 Le Mans Cedex 9, France,

E-mail address: - sapem@univ-lemans.fr
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Thank you for your attention.

Any questions?
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