el THE UNIVERSITY OF ARIZONA

i7X|
Zi\ COLLEGE OF ENGINEERING
Department of Matesials Science and Engineering

Topological acoustics

Pierre A. Deymier
Department of Materials Science and Engineering
University of Arizona
Tucson AZ 85721

New-oS



THE UNIVERSITY OF ARIZONA
A COLLEGE OF ENGINEERING

Department of Matesals Scence and Lngines

Collaborators

K. Rungel

P. Lucas!?

V. Golel

N. Swinteck!
S. Matsuo?
N. Jenkins?

J. O. Vasseur?

Department of Materials Science and Engineering, University of
Arizona, Tucson AZ 85721, USA

2Institut d’Electronique, de Micro-électronigue et de
Nanotechnologie, UMR CNRS 8520, Cité Scientifique, 59652
Villeneuve d’Ascq Cedex, France

A\

New



M7 Past 300 years

PHILOSOPHIZE
NATURALIS

PRINCIPIA

MATHEMATICA.

AUCTORE
ISAACO NEWTONO. Eq, Avr

Editio tertia aucta & emendata.

LONDINI
Apud G & I Societatis .
pud GuiL & Jom. :‘;&% atis typographos

PROPOSITIO XLIII.L. THEOREMA XXXIV.

Corpus omne tremulum in medio clastico propagabit motum pulsunm
undigue in divcctum ; in medio vero won elastico motum cirvceularem
excitabil.



7%l THE UNIVERSITY OF ARIZONA
(A‘L COLLEGE OF ENGINEERING
Department of Matesials Science and Engineering

Phononics and acoustic metamaterials:
The past 25 years

ik7 el( 01+¢) Acoustic

Metamaterials and

u(r,t)=upe

Spectral Properties (w-space)

Exploitation of partial/complete band gaps

Stop bands = insulators to acoustic/elastic waves

Phononic Crystals

Narrow pass bands = frequency filtering
Defected structures - wave-guiding & mode-localization

Wave Vector Properties (k-space)

Negative Refraction
Flat lenses - Focusing & Sub-wavelength imaging \/
Zero-angle Refraction "
Collimation Newl-o
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Spectral gaps

FIG 1. Two-dmemional cross sectioss of the triangelar ar-
ry of steel yimdons cmboddod | an cpoay marin. (a) Be
TJ" smple and (5) 80 "T' X" sample. The wool cybndors, of
circular cross section, e paradicl 10 the 7 anis of the Cane-
sian coordinate system (0L F, Z). The lanice parsncier o s
defined s the ditance Betwoen two noasest noighboning cyla-
dore. The ot shows e mroducble Bnllouin ame of 8¢
tnangular amay
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Experimental and Theoretical Evidence for the Existence of Absolute Acoustic Band Gaps
in Two-Dimensional Solid Phononic Crystals

J.0. Vasseur,"* P.A. Deymier.’ B. Chenni,' B. Djafari-Rouhani,’ L. Dobrzynski,' and D. Prevost'
! Laboratoire de Dyransque et Structares des Matériaux Molécudaires, UPRESA CNRS 8024, UFR de Physigue,
Université de Lille I, 59655 Villenewve d'Ascq Cédex, Frarce
2 Department of Materials Science and Engincering, University of Arizoma, Tucson, Arizona 85721
N Laboratoire d Acoustique Ultrasonore et d' Electrorigue, UPRESA CNRS 6068, Université du Havre, Phkice Robert Schuman,
76610 Le Havre Cédex, France
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Experimental and Theoretical Evidence for Subwavelength Imaging in Phononic Crystals

A. Sukhovich,' B. Merheb,” K. Muralidharan,” J. O. Vasseur.” Y. Pennec,” P. A. Deymier.” and J. H. Page'
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Wave vector
domain

Steel cylindrical inclusions in
luids (methanol)

M

Veselago! also predicted the unusual
phenomencn of negative refraction r

A, W

&, py<0

1V. G Veslago, Ser. Phiys Usp. 92, 517 (1964)
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(a) Calculated normalized absolute value of pressure,
(b) Amplitude through focus along direction parallel to
lens surface, (c) The data fit to a sinc function gives a
half width of the primary peak of 0.35), (c) amplitude

along the direction perpendicularto lens. Surface at
=0

New!'

(a) Experimental field amplitude, (b) Amplitude
through focus along direction parallel to lens surface,
(<) The data fit to a sinc function gives a half width of
the primary peak of 0.37A, (c) amplitude along the
direction perpendicularto lens. Surface at 2=0,
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Phase Domain
symmetry breaking
and Topology

u(r.t)=u
The Nobel Prize in Physics
2016

David ). Thouless F. Duncan M. J. Michael Kosterlitz
Prize share: 1/2 Haldane Prize share: 1/4
Prize share

The Nobel Prize in Physics 2016 was divided, one half awarded to
David ). Thouless, the other half jointly to F, Duncan M. Haldane
and J. Michael Kosterlitz "for theoretical discoveries of topological

phase transitions and topological phases of matter
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MY Siconenme - Symmetry breaking of elastic and

acoustic waves equatlon

a0

Time-reversal symmetry

Parity symmetry

Chiral symmetry

Particle-hole symmetry

Conventional 1D wave equation:

0%u 0%u
dt2 p? ax2

New
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Intrinsic vs Extrinsic
symmetry breaking

(a) intrinsic symmetry breaking occurs

from the internal structural characteristics,

(b) extrinsic symmetry breaking occurs from an
external stimulus such as spatio-temporal
modulations of the physical properties ofAthe
medium. B c/»)
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Intrinsic.approach to symme

oreaking
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Intrinsic phononic structure

Relativistic quantum
mechanics
( Klein-Gordon Equation

New!-0%
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Other examples of physical systems

Intrinsic acoustic and phononic structures

Pressure wave in a duct of varying cross-

1-D Elastic ?u_ au sezcuoml area S(x) .
waveqson () 575 = 3 (ECO) 57) = 0 PP {12 (502} =0 {umm

at?
overtes | p(x) = poS(x) ‘ where 82 = 2
E(x) = EoS(x) l
where g2 = Lo ——
ﬁ P e g B g (w5} =0
u = uS(x)/?
CC— IO ) i
Graded elastic wave guide m';'oi;‘;nm - p? {— - V(x)u} =0

equation

with V(x) = (dZS(X)I/Z/de)/S(x)I/Z

S(x) = . . .
(x) with a? = aff?
Relativistic =~ 0°U _ o 0%u —
[:> Klein-Gordon atZ ﬁ oz T a’u=0 <:
equation 10 mass-spring harmonic system
+
Plate modes
! 1-D Dirac ad . a . _
Rotational modes in phononic equation [0’1 at + lﬁdy ax i la’] 'I’ =0
crystals . . . . .
o, and g, arc the 2x2 Pauli matrices and I is the 2x2 identity

matrix
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3 3 : New
ba'xa + iﬂdya —iallW=0 “particle”
a . ad . |- N
-axa + lﬂa'ya + zaI. WY =0 “anti-particle”

g, and gy, are the 2x2 Pauli matrices: ((1) (1)) and (0 Bl) and / is the 2x2 identity matrix.

(G o) 0)=(o 2)=

Some matrix algebra (0 1)(0 1) (1 0) I
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Dirac-like equation
a . a . q " M ”n

Oxoy + ‘B"ya —ial|¥Y=0 particle

P a . a . - 1) “ . . ”

axa + lﬂa'ya + ial|¥Y = 0 “anti-particle

t = —T alone changes the equations, time-reversal symmetry is broken

X — — X alone changes the equations, parity symmetry is broken

t —
and

X = —X

—t does not change the equations, time-reversal and parity
symmetry are not broken simultaneously
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Spinor solutions  Newr =

Y = Pk, wi) = coéi(k, wy)e® @kt o(D)ikx

Eigen vectors: _ . .
g ll'(k, :’k) - Cﬂfk(k' :,k)e(i)lwkte(i)lkx (f
k,L)

Plane wave solutions l/’k b
where &, and &, are two by one spinors with §x = £

w =+ a? + p2k?
Eigen values: Band structure is symmetrical

Dispersionrelation || (1) particle-hole (antiparticle) /\
symmetry is not broken _

Wave number
- ’ “u .

w+ﬂk w- Bk ( Jo- ﬂk)(-Jw+ﬁ"\ Left (L) propagation and right
\/ “’H’ Jo¥pk )\ Jo=Fk ) (R) propagations are note
independent, chiral symmetry

,/w— Jo + gk )(w+pk (w—ﬁk .
\/w_ ~Jo—pk Jm—pk) m) is broken

Frequency
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Spinor solutions (2)
Symmetry Topology

T w-0 (P(w, k) = ¥(w, k)
k—--k -E'
To--o(P(w, k) =io,¥(—w, k) ) Parallel
k—k transport of a
. — vector field on
Twﬁ—w(‘p(w, k)) — laxlp(_w, _k) a manifold
k——k with % turn
i twist (“i” leads
T w-w and Tw--w are transformations that change to a phase of
k——k k—k
the sign of the frequency and wave number. n/2)
Orthogonality condition 'I’a'x‘}’ =0 y
r New
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Pseudospin @-bit New/=oS

Spin-like states in the direction
of propagation of elastic states

(forward |F ) = (é) or|0) and
backward ‘B) = ((1)) or|1)) and

crucially superposition of states:

(s1y/w £ Bk)10) +
(s5y/@ F Bk)|1). The

superposition of states is tunable
by frequency, w and/or
wavenumber k.

An analogue to qubits necessary for quantum computing
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The Phi-Bit

Direction of
Spin Polarization Propagation

) 307 |
@ 20%0

207% 0 80% 1

Spin Pseudo-spin

X

New
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Elastic Pseudospin

C . -5 0
Comptes Rendus Mecanique
ELSEVIER - sOemced rect com

Acoustic metamatenals and phononi orystals

Torsional topology and fermion-like behavior of elastic waves O .
in phononic structures

Pierre A Deymier *, Kesth Runge, Nick Swinteck, Krishna Muralidharan
Lwpromen o Mo wwnt ol | nger g ety of Mo Naown A 0L U

ARTICLE INTO ABSTEREACT

Ay Mewy A v demwrvesond Wb spreg medet 1N sappeets sdstensl waves © ansbhend welen
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ﬂ crystals moPy)

Artile
One-Dimensional Mass-Spring Chains Supporting
Elastic Waves with Non-Conventional Topology

Pierre Deymier * and Keith Runge

Diepartment of Materials Sounie and Enggneering, University of Arinma, Tuosen, AZ 85721, USA.
Brusgpaenad ansona edv

* Commespondence dey mier@emad arioons o, Tel | + 1520421 4050

Acamberic Bitoes Viotor | Sanches Moo, Vioent Romerne Cancia and Luis M Carcis R
Reverved 26 Febwuany 2006 Accepted 13 Aped D006 Publinhad 16 Ageil 2016

Abstrct There ase two cinses of phomonic structases hat can support elastic waves with
mon-comentional lopalogy, namely intrimic and extrinsic systems. The non<oaventional Sopology
of elastic wave resalis from Breaking tioe seversal symumetry (Tosymesetey ) of wave propagation. In
exlrineic sy shoss, energy is ingeoted into e phononic structure b break Tosymmetry. s intrinsic
systenro vy mmetry s Broken through the medium macootructuse That may bead 10 intermal resonances.
Massspuring composite stractunes ane introduced s metaghors for moee comples. phononic arystals
with son-comentional sopology.  Thee clastic wave equation of motson of a0 sininsic phononi
structuse composed of two coupled cne-dimensional (109 harmonic chawes can be factored into
a Dhveac-lie equation, leading 10 antisymmetric modes Bhat have spinor character and thesefore
pon-ooeventional fopology s wave number space. The topadogy of the elastic waves can be farther
moditend by subpcting phonons structunes o externally-inducoed spatio-temporal modalation of their
ehastic properties. Such modulations can be actuated through phaoto-elantine effects, magneto-elastic
elfects, prezo-clactne effects or extomal mechasical effects. We also secover an amalogy between a
combined mirinuc-extrmsic systems composed of a simple one-dimessional harmonic chain coupled
80 a nighd substrate subgpected 10 a spatio-temgoral modulation of the side spring stiffness and the
Dirac egaation s the peesence of an electromagnetic field. The modulation is shown 8o be able 10
tune the spunor part of the clastic wave function and thesefors its Sopology. This analogy between
classacal mechanios and quantums phenomena offers new modalities for developing mooe complex
o of phomonic crystals amd acoustic metamatorials.
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PSEUdOSpln (p'blt Spie-Ske stades i the direction of I—l—l—l—l—
(fomnsF)'( odo)u.d

beck\udls)-(o)“il»m I 'rrr .

® 9 0 ¢ ® 2 0 ® 0 0 ¢ ® 9 0

crucially superposition of states:
P(x) = pOS(x) (s,\fw + ﬂk) 10) +
(s2y/@F BE)12). The

superposition of states is tumable by
frequency, w and/or wavenumber k.

1-D Elastic wave

d au
equation with X ) — e —(E X —) =0
equation with V5w 5 (E@3

properties

FECx) — Fo,SCx>

Webster 8217

2 — g 2 - &
equation atz ﬂ {S(x)a ( ( )ax }- 0 “hm ﬂ - Po

=GR (ES 15 = B2 IS 1S s
e = TWSCxDITIZ e a. ” '
. » e

.Du-

\ QL'.:'I.

Generalized
Klein- Gordon — - pz v V(x)u

- - 1 wntl V(x) = (d*S(x)"/?/dx?) /S (x)"/? ol B 7 EEEE

shlanlanlan

-
»

2 2
Relativistic u _ n20%u 2, - : 2 _ 2 - +‘/ﬁ
Klein-Gordon ~ at? B Ax +a‘u=0 with a*=afp w = a?+ %k
equation

Pr = Pk, wy) = coéi(k, wy)eDiwt g (H)ikx
1Plane wave

. = (i, [ g . CEDfcopat o (4 ik
1-D Dirac solutions LY 2 Pk, e ) cofxlk. crg e P

a . a .
equation [0.\' E + lﬁdyx o la’] lp =0

G, and &, are the 2x2 Pauli matrices and [ is the 2x2 identity

A

where &, and &, two by one spinors

NewraS
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Observables

Number operator Direction switching operators Direction (iccupancy
J 1 ; 0 1 T
‘ S, =5(0, +ia)) = (0 0) ‘ ne = i 21w5+5-0xfk
_1 : _(0 0 ng = §x5— S-S0k
.‘)‘_—;(a,,—w'y)—(1 0) 2

“Amount” of traveling wave
character of the wave function

B Pk/a
ot-nr R opon =TT R VTt
w

211 (Bk :
[ ] [ ] [ ] [ ] + T)
Transmission coefficient J

is measurable

=
|
N | -

For frequencies 100kHz to
1MHz wavelength is cm to
mm which is significantly
larger than possible defect
scattering length:

Signal to noise ratio ~ 10*3.

New oS
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Physical realization and operation of a @-bit

Near band gap Ti-Sapphire laser radiation

0 Observable=Transmission, T

Piezo-electric transducer

Chalcogenide Ge-As-Se
elastic waveguide

Hadamard gate

_(1 1 X
H'(l -1) ™1

A

A

New
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Qubit vs @-bit Deutsch-Jozsa algorithm

Deutsch-Jozsa Objective: Determine if the function
f:{0,1} = {0,1} js constant or balanced.

Hadamard gate applied a second time to ‘collapse’ the wavefunction.

No second Hadamard gate is needed, the superposition of states is read directly.

;( A

Newro=



THE UNIVERSITY OF ARIZONA

AW COLLEGE OF ENGINEERING
Department of Matesials Science and Engineering

Single @-bit Deutsch-Jozsa algorithm

Step 1: Apply Hadamard gate Step 2: Oracle unitary transformation Step 3: Measure superposition of states
1
10 = (2 - 103 + 11> = (2 - 1oy + 11> = (3) fis constant
=Hl= o= =3
o> —11> = (%) fis balanced

T0
1
Hadamard, H, gate

W =a

w=a

w—a

NewrraS
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Non-separable superposition of states in parallel @-bit arrays

"+ The power of quantum computing lies in the concept of
entanglement.

* The state of two quantum subsystems in separable superposition is
the tensor product of the states of the two individual subsystems:

Py = Wfl)@ll/)z)

* The state of two quantum subsystems in non-separable superposition
cannot be written as a tensor product of the states of the subsystems.

Y1z # ‘¢1)®|¢2)

D A
S
New
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The power of exponential complexity

» TwWo non-separable @-bits 1 and 2 support 22 “bits.”

* Affecting the state of subsystem 1 in a non-separable superposition of states
impacts the state of subsystem 2, thus operating on the 22 “bits.”

* N non-separable @-bits support 28“pits*

e Operating on any subsystem in a non-separable superposition operates on

the 2N “bits.”

* Hence, arrays of @-bits in non-separable states offer massively-parallel

processing of phonons. For example, an array of N=50 @-bits, which is easily

technologically

bits (Petascals
e
N

New

y rediiZapic

).

(D

, has a parallel computing capacity of 2°° or ~1x10%

A
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Elastic waves in non-separable states

Example: two @-bits, “a” and “b,” coupled in parallel through an elastic medit
Elastic displacements are “u” and “v”

Coupled 1-D 2 2 _ _
Elastic Klein- (6!2 ﬁ axz) uty (u U)
Gordon wave
equations ( Bg ) v - y"'(u _
2 2 .
o o : coupling terms

v) =0

1-D Elastic Dirac a o a o . (1 -1 1 0
equation [0X®ax3+‘/}ax®o‘ya_xil(scl"p—-0 “lth—(_l 1 )®(0 l)anda—

N’]I -

A two @-bit non-separable
superposition of states relatesto

a, the amplitude of forward
. ropagating waves in bits “a” and
ax1 [ a: - [ P
pfanip:,,r,':‘:;a Y= a, gtiwtgikx “b"(a, and a;) as well as
solutions as backward propagating wavesin

\/ bits “a” and “b"(a; and ay).
at -

New
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Elastic waves in hon-separable states (continues)

Elastically coupled @-bits a Antisymmetric al ‘/’: \/:
‘ 4x1 spinorial a; o+t g 4ikx solutlons' a, _‘/.*. =
plane wave a =
_ solutions 3 as —\/-I-\/ 4
a4 a,

Individual @-bit solutions

(/T
WEF
NFE
NENES

Uncoupled ¢-bits

si'st
—— st E) _ [ 51
siNF) | sgs]

2
5355

{ . But for special cases

New oS
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N coupled @-bits

a,
/ a, \ Multi-pseudospin
a; superpositions of ¢-bit
. states are experimentally
Nx1 non-separable spinorial plane wave solutions Yo n=\| - etiot g+lkx measurable from the

transmission coefficients of
individual fibers

a”“/ constituting the array.
ay

Wizz. v # V1QY,0W;Q... Wy

A
NewraS
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Deutsch-Jozsa algorithm with entanglement

Consider a Boolean function defined from a two-
bit _domain space to a one-bit range space: f(.r)

{0,1}2 — {0,1}).| There are four possible input values

(00),(01).(10) and (11) and the output for each of these
could be either 0 or 1. There are thus 16 functions in all.
For a given function, the output can have either: all ones,
three ones and a zero, two ones and two zeros, three ze-
ros and one one or all zeros. We can divide the function
into [classes [0.4], [1,3], [2,2], [3,1], and [4,0], the first
entry indicating the number of ones and the second indi-
cating the number of zeros in the output. The functions
with an even number (0, 2.4) of ones (i.e. the functions

[0,4], [2,2] and [4,0]) are defined as “Even” functions

while the functions with an odd number (1. 3) of ones in

the output (i.e. the[[l, 3] and [3, 1] functions) are defined

to be “Odd” functions| Using this evaluation criterion,

of the 16 possible functions for the two-bit case, eight are

even and eight are odd. l

o
N\

New

Given a function f, how
does one decide
whether it is even or
odd, without computing
the function at all input
points?

A tworqubit algorithm ivolving quantum estanglement
Arvind'* and N Mubunds

arXiv: quant-ph/0006069v1
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Deutsch-Jozsa algorithm with entanglement
(2)

Class Number Nature Uy DJ Class
[0.4] 1 Even Separable Constant
[1,3] 1 Odd Entangling
(2,2 6 Even Separable Balanced
(3,1] 4 Odd Entangling
(—1)7%0 0 0 0 [4,0] 1 Even Separable Constant
. 0 (-1) f(01) 0
Ur= 0 0 (-1fao o
0 0 0 (—1)f(11) TABLE 1. Characteristics of different classes of functions.

In each class we give number of functions, their even or odd
nature, the entangling or separable nature of U; and their
status in DJ problem.

For an “even” function, the final state is separable
For an “odd” function, the final state is non-separable (entangled)

Note: No unambiguous single measurement of entangled states of iuantum systems (needs multiple measurement and statistics)

NewFoS
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Deutsch-Jozsa algorithm with entanglement
(3)
For an “even” function, the final state is separable

For an “odd” function, the final state is non-separable (entangled)
k=0,w=25and VF= == V26

> (:§)=a025( 11)=0026(_11)®( 1) separable

Two elastically coupled ¢-bits

-1

as -1

a, 1
‘ (é}')zao _C\;E\/\/_‘;i _— entangled
b |

8 = Othen w — Bk and V+— J2Bk and == 0

‘ a, 1 separable
(&) &) 2o

)
A =4

a,

N
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Non-reciprocal elastic wave propagation

CromMark
JOURNAL OF APPLIED PHYSICS 118, 063103 (2015) @

Bulk elastic waves with unidirectional backscattering-immune topological
states in a time-dependent superlattice

N. Swinteck."* S. Matsuo.” K. Runge.' J. O. Vasseur.? P. Lucas.' and P. A. Deymier’
“Department of Materials Science and Engincering, University of Arizona, Tucson, Arizong 85721, USA
Iustirne o Elex ronigwe, de Micro-dlectromique et de Nanotechmologie, UMR CNRS 8320, Ciré Sciemuifigwe
§9652 Villemeuve o Ascg Cedex. France

(Received 8 May 2015; accepied 3 August 2015; published online 14 August 2015)

Recent progress n electronic amd  electromagnetc  topological  insulators has led 10 the
demonstration of one way propagation of electron and photon edge states and the possibality of
menunty 1o backscattenng by edge defects. Unfortunately, sach topologscally  protected
propagation of waves in the bulk of a matenal has not been observed. We show, in the case of
sound/clastic waves, that bulk waves with unshirectional backscatienng-smmunc topologscal states
can be observed in a time-dependent elastic superlattice. The superlattice is realized via spatial and
temporal modulation of the stiffness of an clastc material, Bulk clastse waves i this superlattice
are supported by a manifold in momentum space with the topology of a singhe twist Mobius strip
Owr results demonstrate the passabelity of attaining one way tramsport and Emmunity to scattening of
bulk elastic waves, © 2015 AIP Pubishing LLC . [htp s dorong/ 10 1063/1.392586 1Y)
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FIG. 4. Vanations in longitudinal elastic constant Cy,(x) in
Ge, Se,_, glasses as a function of power P, (indicated for each
curve). Here x. and x, designate, respectively, the observed
threshold in light-induced softening of Cyy and the mean-ficlkd
rigidity transition. The lines at x = 0.20 and 0.26 designate.
respectively. the rigidity and stress transition in the present
ghlasses (see Rell [21])

J. Gump, I. Finckler, H. Xia, R. Sooryakumar, W. J. Bresser, and P. Boolchand, “Light-induced
giant softening of network glasses observed near the mean-field rigidity transition,” Phys. Rev.
Lett. 92, 245501 (2004).



THE UNIVERSITY OF ARIZONA

COLLEGE OF ENGINEERING

Department of Matesials Science and Engineering

Elastic writable superlattice
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Spectral Energy Density (SED) method

Cbkw

47TT0N Z Z M

7l Y - . . ®
V, ( l[')’ of t) represents the velocity of atom b (of mass m,, inunitcell n, ,,) in

the a-direction.

f Z %% nxyz )xe(zk To - zwt)dt
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Elastic dynamically rewritable superlattice
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Understanding dynamically rewritable superlattices
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Non-reciprocity of elastic wave propagation
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Immunity to backscattering by defects
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Introduction to multiple time scale ..
perturbatlon theory

6t2 ﬂz +£f(u)_0

ulk + 9,79, 71, 72) = ug(k+ 9,79, 71, 72) + euy(k + 9,70, 71, 73) + szuz(k + 9,70, T1,T2) +

2

To=t, 71 = &t, and 7, = £%t = £%71,.

du du dt du art du drt du du Ju
g 0 1 24 = e— 42 4.
at dt, Jdt dr, dt dr, dt at, at, at,

du Jduy duy, , dug du, . duy

at—aro+ (60+61‘1)+£ (60+61+rz +

d*u _ a (du a au) 5 0 (au)
atz_azo(at)"'gar, (8t TE at, \at T

0%u azuo 2%u, %, 2 [8%u, 0%u, 2up . 0%uy
a2z otk te ( + Zar,aro te at2 + 2611610 + 2612610 + at?
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Introduction to multiple time scale  nNew
perturbation theory (2)

o%u
at?
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~ B2t b ef(u) = 0

2

9%u  9%u, 9%u, 2 0%u,
dx2  9x2 té dx? té dx? +

2
fw) =u? = (ug + guy + 2uy + -+ )" = ud + e(uouy + ugug) + -+

2 2 2 2 2 2 2 2 2
{a u“—BZM}+e{a:‘+2 It —Bza—:‘+u5}+ez{a Mppo 2ty o Ol 4 T Ue

at} dx2 at} d1,07, 1,01y 918

d%u
B2+ (wouy + uluo)} =0




7 THE UNIVERSITY OF ARIZONA
( (mlr E OF ENGINEERING

Department of Matesials Science and Lngineering

Introduction to multiple time scale ..
perturbation theory (3)

A

. d%u, 2 0%u,
To zeroth order: o2 B — = 0
) 0%u, 2%ug 2 8%u,y 2 _
To first order: 72 T 250me 5z tug =0
d%u, 9%uy

0%u 6 u 6 u
To second order: +2—2 0— p2——2

aTo aTlaTO a‘[za‘[o atl + (uoul + u‘luo) —
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Introduction to multiple time scale .
perturbation theory (4)

e

azuo
To zeroth order: 5
T
. azul 62uO
To first order: oz T 2500,
R LS a%u, *uy |, 9%uq
To second order: o2 T 2ani0ts T 2ony0r, T 02
. . 62u3 azuo 62uo azul azuz azul
To third order: a2 + 2 97,01, + 2 d1207, t+2 107, +2 9t 0ty  O7%
. 0%u, 2%u, 9%u, 9%u, 2%u, 9%ug 0%uq
To fourth order: 002 + 2 oroar, | 2 37007, +2 70075 +2 1,01, +2 37497 +2 1,013 *

0%u, | 9%u,
2 2
15 at5
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Elastic wave equation

1D elastic wave equation with spatio-temporal variation in stiffness

M_i( M) with  C(x,t) = Co + 2C; sin(Kx + Qt
P =5 Cx )= (x,t) = Co 1 sin( )
Seek solution in the form of Bloch waves

The wave number k is limited to the first
_ P — —— -7 7 2 .
e — 2 e Brillouin zone: [T“Z] and g = T”m with m
being a positive or negative integer

1D elastic wave equation in wave number space becomes

TUO00 4 32 (ke + g)2ulk + g,8) = ie{f (k" Yu(k’, )i + h(k"Yu(k", t)e~ ")

where f(k) = Kk + k%, h(k) = Kk — k%, k' =k +g— Kandk" =k + g + K.

¢ ¢
and  v? =7°and£=7’
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Multiple time scale perturbation theory

Expand the displacement to second order in perturbation ¢

u(k + 9,70, 71, 72) = ug(k + 9,70, 71, 72) + cuy (k + 9,70, 71, T2) + €2u (k + 9, 70,71, 72)
Define three time scales

To =11, Ty = €t,and 1, = €%t = £?%7,

2
To Oth order 07up(k + 9,70, 71, TZ)

+ wi(k + @ug(k + 9,79,71,72) = 0

61’02
%uy(k + 9,70, 71, 73) %ug(k + 9,75, 74, 73)
’ ’ ’ 2 ' L U4
To 1%t order 6‘:02 + wi(k + gu,(k+ g,70,7,,73) + 2 9T,07,

= i{f (k" ug(k', 79, 71, T2)€'™ + h(k"ug(k”, 7q,7,,72)e "0}

%uy(k + 9,70, 72)
To 2nd order aro'-’-

— i{f(k')ul(k'.fo'Tz)ei!lfo R h(k")ul(k”, To,fz)e—inro}

d%*uy(k + 9,70, 75)
0'(201’0

+ wi(k + glu, (k + g,70,7,) + 2

v
N
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Perturbative solutions (0" order)

%ug(k + 9,70, 71, 75)

p.
dt,

ug(k + 9,70, 71, 72) = ag(k + g,7,,72)€

two(k+9)7o

»
o
o

quency (kHz)

+ wi(k + glug(k + g,79,7,,73) =0

400

Wave number
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Perturbative solutions (1 order)

*uy (k + 9,70, 74, T2
1 = 20 1 2)+w§(k+g)u,(k+g.to,n.fz)+2
0

New

%uy(k + 9,70, 71, T2)
dt,0t,

= i{f (k"Yuo(k', 79, 7y, 72)€" ™ + h(k" Yuy(k", 7, 7,, 7)€" 0}

w (k+g,70.72)
= a,(k + g,1,)e'@olk+a)T0
; [(k")aqg(k',12)
wi(k + g) = (wo(k") + )2 + ig
h(k")ag(k",15)
"0k + g) — (wo(k") — M) + i

t"'( wo K’ J+ )7

LA
Mgk )=02)Ty

Frequency (kHz)

Brillouin scattering like phenomenon

Wave number
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Perturbative solutions (2“"I order) New

%uy(k + 9,70, 73)
a1y’ |
= i{f(l(')ul(l("ro'rz)elnfo + h(l\’”)lll(k”, To, Tz)e—l'ﬂfo}

%uy(k + g,7,73)
dt, 07,

+ w2k + gQu, (k + 9,70, 75) + 2

400

PRk s g.To.T=I __ - - a2
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e ]
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W00
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Other application domains

1. Extension to electromagnetic waves (Dynamical
“microstructures” of index of refraction)

2. Extension to spin waves (Dynamical “microstructures”
of exchange coupling)

3. Extension to electronic waves (Dynamical
“microstructure” of potential)

4. Extension to chemical or biological waves (Dynamical
“microstructure” of diffusion coefficient)
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Calcium waves
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Breaking symmetry of calcium waves
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Linear model

2D = 2 [De(x, £) 522 — rP(x, 1)
ap;: t) [D ( t) aP(xt)] + C(x t)

with

D.(x,t) = Dy + 2D, .cos(Kx + Qt)

o Coee £ = F Py - ZE I, > =SC I e 3 S2x D)

the Ca?* and IP; waves perturbed by the acoustic

wave 1s not symmetrical about the origin kZO.-

{
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Need for nonlinear model| New

Turing noted the importance of studying the behavior of biological processes by considering
the complementarity of both linear and nonlinear dynamical systems:

“Such systems (with linear dynamics) certainly have a special interest as giving the
appearance of a pattern, but they are the exception rather than the rule. Most of an organism,
most of the time, is developing from one pattern into another, rather than from homogeneity
into a pattern. One would like to be able to follow this more general process (nonlinear)
mathematically also. The difficulties are, however, such that one cannot hope to have any
very embracing theory of such processes, beyond the statement of the equations. It might be
possible, however, to treat a few particular cases in detail with the aid of a digital computer.”
(parenthetical comments added)
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Symmetry breaking of Calcium wave
propagation
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PHYSICAL REVIEW E 92, 052711 (2015)

Effect of sound on gap-junction-based intercellular signaling: Calcium waves under acoustic
irradiation

P. A. Deymier,"" N. Swinteck,! K. Runge,' A. Deymier-Black,? and J. B. Hoying®
' Department of Materials Science and Engineering, University of Arizona, Tucson, Arizona 85721, USA
2Department of Orthopaedic Surgery, Washington University in St. Lowis, St. Louis, Missouri 63110, USA
*Cardiovascular Innovation Institute, University of Louisville, Louisville, Kentucky 40202, USA
(Reccived 9 June 2015; revised manuscript received 11 August 2015; published 9 November 2015)

We present a previously unrecognized effect of sound waves on gap-junction-based intercellular signaling such
as in biological tissucs composced of endothelial cells. We suggest that sound irradiation may, through temporal
and spatial modulation of cell-to-cell conductance, create intercellular calcium waves with unidirectional signal
propagation associated with nonconventional topologies. Nonreciprocity in calcium wave propagation induced
by sound wave irradiation is demonstrated in the case of a lincar and a nonlincar reaction-diffusion model. This
demonstration should be applicable to other types of gap-junction-based intercellular signals. and it is thought
that it should be of help in interpreting a broad range of biological phenomena associated with the beneficial
therapeutic effects of sound irradiation and possibly the harmful effects of sound waves on health.

DOL 10.1103/PhysRevE.92.052711 PACS number(s): 87.50.Y—, 87.17.Aa, 87.18.Gh
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